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The standard quantum mechanical expressions for the singlet and triplet survival probabilities and
product yields of a radical pair recombination reaction involve a trace over the states in a combined
electronic and nuclear spin Hilbert space. If this trace is evaluated deterministically, by performing
a separate time-dependent wavepacket calculation for each initial state in the Hilbert space, the
computational effort scales as O(Z2 logZ), where Z is the total number of nuclear spin states. Here
we show that the trace can also be evaluated stochastically, by exploiting the properties of spin
coherent states. This results in a computational effort of O(MZ logZ), where M is the number of
Monte Carlo samples needed for convergence. Example calculations on a strongly-coupled radical
pair with Z > 106 show that the singlet yield can be converged to graphical accuracy using just
M = 200 samples, resulting in a speed up by a factor of > 5000 over a standard deterministic
calculation. We expect that this factor will greatly facilitate future quantum mechanical simulations
of a wide variety of radical pairs of interest in chemistry and biology.
I. INTRODUCTION
Spin dynamics play an important role in many
systems of biological and chemical interest, such as
magnetoreceptors,1–3 organic semiconductors,4–6 and
molecular wires.7–9 The spin-selective behaviour exhib-
ited by these systems is often explained using the radical
pair model, in which two coupled electron spins interact
with a number of hyperfine-coupled nuclear spins. When
this number exceeds twenty or so, standard quantum me-
chanical calculations become cripplingly expensive, and
while in some cases semiclassical approximations have
been shown to be accurate,10–13 this cannot always be
relied on. As a result, there is a clear need for a more
efficient quantum mechanical method for describing the
spin dynamics of radical pairs.
A simplified radical pair reaction scheme is given
in Figure 1. Photoexcitation of an organic precursor
molecule produces a radical pair in the singlet state,
which can then undergo intersystem crossing to form the
triplet state. The singlet and triplet radical pairs can
each recombine, in general at different rates and forming
different products. The intersystem crossing is mediated
by hyperfine interactions between the electron and nu-
clear spins in each radical, and as a result is affected by
the application of an external magnetic field. This in
turn can modify the lifetime of the radical pair, and the
singlet and triplet recombination yields. The resulting
magnetic field effects (MFEs)14–16 are often measured in
order to probe the spin dynamics of the radical pair, but
it is usually not possible to extract the spin-specific rate
constants kS and kT from the experiments alone. More
insight can often be gained by comparing the experimen-
tal results to simulations.
The quantum dynamics of the radical pair model is well
understood, and simulations of small spin systems can be
done routinely.17 However, simulating realistic systems is
often challenging, due to the exponential scaling of the
size of the Hilbert space with the number of nuclear spins.
Previous theoretical calculations have been performed ei-
AB
S[A•B•] T[A•B•]
P
hv kS kT
FIG. 1. An idealised radical pair recombination reaction. The
superscripts S and T label the singlet and triplet states of the
radical pair respectively; kS and kT are the recombination
rate constants for these states. The curved arrows represent
hyperfine-mediated intersystem crossing between the singlet
and triplet states.
ther by neglecting smaller hyperfine couplings to reduce
the size of the Hilbert space,18,19 or by using semiclassi-
cal methods to avoid the exponential scaling.10–13 How-
ever, neither approach is entirely reliable for systems with
N ∼ 20 nuclear spins, which are commonplace in chemi-
cal and biological systems. It is not always safe to assume
that weakly-coupled nuclear spins make no contribution
to the spin dynamics, and semiclassical approximations
are incapable of capturing subtle quantum mechanical
effects such as the recently-discovered “quantum needle”
of the avian magnetic compass.20
We shall therefore now present a new method that dra-
matically improves the efficiency of quantum mechanical
spin dynamics simulations, allowing the treatment of sig-
nificantly larger radical pairs. To illustrate this, we shall
calculate the singlet yield of a strongly-coupled radical
pair involving 20 nuclear spins, over a wide range of mag-
netic field strengths. This calculation would be quite im-
practical using a standard quantum mechanical method,
and while various semiclassical approximations are appli-
cable to the problem we shall demonstrate that they are
only qualitatively accurate.
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2II. STANDARD THEORY
The general form of the Hamiltonian that governs the
spin dynamics of a radical pair tumbling in solution in-
cludes isotropic Zeeman and hyperfine interactions and
an exchange coupling between the two electron spins:
Hˆ = Hˆ1 + Hˆ2 + 2J Sˆ1 · Sˆ2,
Hˆi = ω · Sˆi +
Ni∑
k=1
aik Iˆik · Sˆi.
(1)
Here ω = −γB, where γ is the gyromagnetic ratio of
the electron and B is the applied magnetic field. aik is
the hyperfine coupling constant between the kth nuclear
spin and the electron spin in radical i; Iˆik and Sˆi are
the corresponding nuclear and electron spin operators,
Ni is the number of nuclear spins in the radical, and J
is the exchange coupling constant. Note that we have
neglected the comparatively weak nuclear spin Zeeman
interactions, we have assumed for simplicity that the
electrons in the two radicals have the same gyromagnetic
ratio, and we are working in a unit system in which ~ = 1.
The recombination of the radical pair is conventionally
modelled using the Haberkorn operator,21,22
Kˆ =
kS
2
PˆS +
kT
2
PˆT, (2)
where
PˆS =
1
4
1ˆ− Sˆ1 · Sˆ2 (3)
PˆT =
3
4
1ˆ + Sˆ1 · Sˆ2 (4)
are the projection operators onto the singlet and triplet
electronic subspaces, and kS and kT are the first order
rate constants for recombination of singlet and triplet
states respectively. The evolution of the density operator
ρˆ(t) which describes the radical pair is then governed by
the quantum Liouville equation21,23
d
dt
ρˆ(t) = −i[Hˆ, ρˆ(t)]− {Kˆ, ρˆ(t)}, (5)
where [Aˆ, Bˆ] is the commutator and {Aˆ, Bˆ} the anticom-
mutator of Aˆ and Bˆ. This differential equation is satisfied
by
ρˆ(t) = e−iHˆt−Kˆt ρˆ(0) e+iHˆt−Kˆt. (6)
The ensemble average of an observable corresponding
to an operator Aˆ at time t is given by
A(t) = tr
[
ρˆ(t)Aˆ(0)
]
(7)
or, using the invariance of a trace to cyclic permutation,
A(t) = tr
[
ρˆ(0)Aˆ(t)
]
, (8)
where
Aˆ(t) = e+iHˆt−Kˆt Aˆ e−iHˆt−Kˆt. (9)
We may evaluate the trace in Eq. (8) in the basis
{B} = {|Θ〉 ⊗ |M1〉 ⊗ |M2〉}. (10)
Here |Θ〉 is the electronic spin state, in which Θ can take
the values S, T+, T0 and T−, representing the singlet
and triplet states respectively. |Mi〉 is the nuclear spin
state of radical i, given by
|Mi〉 = |Mi1〉 ⊗ |Mi2〉 ⊗ · · · ⊗ |MiNi〉 , (11)
where Mik is the projection of the kth nuclear spin in the
radical onto the z axis. In this basis, Eq. (8) becomes
A(t) =
∑
Θ
∑
M1
∑
M2
〈Θ,M1,M2| ρˆ(0)Aˆ(t) |Θ,M1,M2〉
(12)
where
∑
Mi
indicates the sum over all possible nuclear
spin states |Mi〉.
In the case of photoexcited radical pairs formed in the
singlet state, ρˆ(0) = PˆS/Z, where Z = Πi,k(2Iik + 1)
is the total number of nuclear spin states in the radical
pair. The sum over Θ in Eq. (12) can then be evaluated
immediately: the only term that survives is that with
Θ = S. Defining
|S,M1,M2; t〉 = e−iHˆt−Kˆt |S,M1,M2〉 , (13)
the trace becomes
A(t) =
1
Z
∑
M1
∑
M2
〈S,M1,M2; t| Aˆ |S,M1,M2; t〉 . (14)
Therefore, the ensemble average A(t) can be evaluated
by propagating Z wavepackets with orthogonal initial nu-
clear spin states and calculating the expectation value of
Aˆ in each state at time t.
The wavepacket propagation in Eq. (13) can be
performed using the short iterative Arnoldi (SIA)
method.24 This is a generalisation of the short iter-
ative Lanczos (SIL) method25 which allows for prop-
agators generated from non-Hermitian operators, as
is the case here. The sparsity of the Hamiltonian
means that Hamiltonian-wavepacket multiplications re-
quire only O(Z logZ) operations,26 and combined with
the adaptive time step of the SIA method, this leads to
very efficient wavepacket propagation. As a result, the
computational time required to evaluate Eq. (14) scales
as O(Z2 logZ). In order to improve this scaling, either
the efficiency of the wavepacket propagation must be im-
proved, or fewer propagations must be carried out. We
will now demonstrate that the latter is easily achieved if
the trace in Eq. (8) is evaluated using Monte Carlo inte-
gration over the coherent spin state basis of the nuclear
spins.
3III. SPIN COHERENT STATES
For a spin with quantum number J , a coherent spin
state |ΩJ〉 is obtained by rotating the quantisation axis
of the |J, J〉 eigenstate of Jˆz to lie in the direction Ω =
(θ, φ). It is defined as27
|ΩJ〉 = (cos θ/2)2J exp{tan (θ/2) eiφJˆ−} |J, J〉 , (15)
where 0 6 θ 6 pi and 0 6 φ < 2pi. The expectation value
of the angular momentum operator Jˆ in state |ΩJ〉 cor-
responds to a classical vector of length J in the direction
Ω:
〈ΩJ | Jˆ |ΩJ〉 = Jn(Ω),
n(Ω) = (sin θ cosφ, sin θ sinφ, cos θ)>.
(16)
The states {|ΩJ〉} form an overcomplete set, with the
completeness relation27
1ˆ =
2J + 1
4pi
∫
dΩ |ΩJ〉 〈ΩJ | . (17)
Inserting equation Eq. (17) into Eq. (14), we find that
the sum over M1 and M2 can be replaced by a 2N di-
mensional integral over the coherent spin states of each
nuclear spin,
A(t) =
1
(4pi)N
∫
dΩ1
∫
dΩ2 〈S,Ω1,Ω2; t| Aˆ |S,Ω1,Ω2; t〉 ,
(18)
where N = N1 +N2 and
|Ωi〉 = |Ωi1〉 ⊗ |Ωi2〉 ⊗ · · · ⊗ |ΩiNi〉 . (19)
Here |Ωik〉 is a coherent spin state of the kth nuclear
spin of radical i, and
∫
dΩi indicates the integral over all
possible orientations of each of these coherent spin states.
Note that the factors of (2J + 1) in Eq. (17) cancel with
the factor of 1/Z in Eq. (14).
Eq. (18) provides an expression for the ensemble av-
erage of an observable in terms of a product of integrals
over coherent spin states. These integrals, and hence
A(t), may be evaluated by Monte Carlo sampling the di-
rections of the initial nuclear spin states |Ωik〉 from the
surfaces of their respective spheres. If the number of sam-
ples M required to converge the integrals is significantly
smaller than Z, the computational cost of calculating
A(t) will be greatly reduced compared with a determin-
istic evaluation of Eq. (14).
IV. A MODEL PROBLEM
In order to investigate this, we have calculated the
singlet yield of a particularly demanding radical pair in
which the hyperfine, Zeeman, and electronic exchange in-
teractions were all chosen to have similar orders of mag-
nitude (the most strongly coupled scenario). This singlet
k a1k/γ (mT) a2k/γ (mT)
1 -0.999985 -0.232996
2 -0.736925 0.0388327
3 0.511210 0.661931
4 -0.0826998 -0.930856
5 0.0655341 -0.893077
6 -0.562082 0.0594001
7 -0.905911 0.342299
8 0.357729 -0.984604
9 0.358593 -0.233169
10 0.869386 -0.866316
TABLE I. Hyperfine coupling constants in a model radical
pair.
yield is given by
ΦS = kS
∫ ∞
0
PS(t) dt, (20)
where PS(t) is the ensemble average of the singlet prob-
ability at time t, obtained by substituting Aˆ = PˆS into
Eq. (18). In our model system, each electron was coupled
to ten I = 1/2 nuclear spins with randomly generated hy-
perfine coupling constants uniformly distributed between
−1 < aik < 1 mT; these hyperfine constants are listed
for completeness in Table I. The exchange coupling con-
stant was taken to be J/γ = 1.75 mT, comparable to the
effective hyperfine field strength
Bhyp,i =
√√√√ Ni∑
k=1
a2ikIik(Iik + 1) (21)
in each radical (Bhyp,1 = 1.72 mT and Bhyp,2 = 1.74
mT), and the recombination rate constants were taken
to be kS/γ = 0.1 mT and kT/γ = 1.0 mT.
V. RESULTS AND DISCUSSION
Figure 2 shows how the singlet singlet yield of this
model radical pair converges with increasing M over a
wide range of magnetic field strengths. The results are
converged to graphical accuracy at all field strengths with
only M = 200 samples. Since the total number of nu-
clear spin states in the radical pair is Z = 1,048,576, this
stochastic calculation was > 5000 times faster than the
equivalent deterministic calculation.
The form of the MFE on the singlet yield shown in
Fig. 2 can be understood by considering the energy lev-
els of the electronic spin states of the radical pair, shown
schematically in Figure 3. At both zero and high fields,
the singlet state is energetically separated from the triplet
states, which leads to slow intersystem crossing. But
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FIG. 2. The singlet yield of the model radical pair as a
function of the applied magnetic field strength B, averaged
over M initial coherent nuclear spin states. The two panels
compare the results of calculations with M = 100 and M =
200 with those of a well converged calculation with M = 400.
The statistical error bars in the M = 100 and M = 200 results
are ± in Eq. (23), with σ estimated from the M samples of
ΦS(B) at each magnetic field strength B.
when ω = 2J , the singlet state is degenerate with the
T− state, and hyperfine mediated intersystem crossing
becomes much more efficient. Since the radical pair is
formed in the singlet state, any intersystem crossing will
reduce the singlet yield. Therefore, a minimum is ob-
served in the the singlet yield when ω = 2J . This also
explains the observation from the statistical error bars
in the top panel of Fig. 2 that the convergence of the
Monte Carlo integration is slowest around the minimum
E
B
2J
T+〉
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T0〉
T–〉
2J/γ
FIG. 3. The energy levels of the spin states of the radical pair
as a function of the strength of the applied magnetic field, B.
The effect of hyperfine interactions has been neglected.
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FIG. 4. Histograms of 1000 single wavepacket singlet yields,
φS, of the model radical pair at three different applied mag-
netic field strengths. The standard deviations of the distribu-
tions are also given.
in the singlet yield. Away from resonance, the hyperfine
interactions play only a small role in the spin dynam-
ics, and the singlet yield obtained from each individual
wavepacket does not vary significantly between Monte
Carlo samples. However, when the intersystem crossing
is fast, the singlet yield depends more strongly on the
initial nuclear spin state, and more samples are required
for convergence.
The field dependent sensitivity of the spin dynamics to
the initial nuclear spin state is illustrated by the distribu-
tion of singlet yields obtained from individual wavepack-
ets,
φS(Ω1,Ω2) = kS
∫ ∞
0
〈S,Ω1,Ω2; t| PˆS |S,Ω1,Ω2; t〉dt.
(22)
Figure 4 shows a histogram of 1000 evaluations of this sin-
gle wavepacket contribution to the singlet yield at three
different magnetic field strengths. This highlights the
increased variation in φS when intersystem crossing be-
50 2 4 6
B / mT
0.1
0.2
0.3
0.4
0.5
0.6
Φ
S(B
)
QM
SC
SW
FIG. 5. The singlet yield of the model radical pair as a
function of magnetic field strength B, calculated using the
present quantum mechanical (QM) approach, the semiclassi-
cal (SC) method presented in Refs. 11 and 12, and a variant
of Schulten-Wolynes10 (SW) theory outlined in Ref. 13.
comes more efficient. Nevertheless, even when ω = 2J ,
the number of coherent spin state samples required to
converge the ensemble-averaged singlet yield is still far
smaller than the total number of nuclear spin states, Z.
This analysis also explains why stochastic integration
over coherent spin states is so efficient. Since the sin-
glet yield is bounded between zero and one, the maxi-
mum possible standard deviation in the distribution of
φS is σ = 1/2. In practice, the distribution is confined
to a smaller range, and so has a smaller standard devia-
tion. When performing a Monte Carlo integration with
random sampling, the standard deviation is related to
the standard (statistical) error in the integral, , and the
number of samples, M , by28
 =
σ√
M
. (23)
Therefore, the necessarily small standard deviation in
the distribution of singlet yields means that only a small
number of samples is required for convergence. We ex-
pect this observation to be general, since the observables
of interest in radical pair spin dynamics calculations are
invariably probabilities or yields, which must be bounded
between zero and one. As a result, the stochastic ap-
proach should be applicable to a wide range of radical
pair observables. While the precise number of samples
required to obtain converged results will doubtless vary
from system to system, it seems likely that for radical
pairs with N > 10 nuclear spins, M will be significantly
smaller than the number of nuclear spin states.
In order to establish whether a fully quantum mechan-
ical simulation is necessary to describe systems of this
type, we have also applied two semiclassical methods to
this model problem. Figure 5 compares the converged
quantum mechanical (QM) results with those obtained
using the original semiclassical theory of Schulten and
Wolynes (SW),10 adapted to the calculation of radical
pair singlet yields as described in Ref. 13, and an im-
proved semiclassical (SC) theory that takes the nuclear
spin precession into account.11,12 Unsurprisingly, the im-
proved SC theory performs better than SW theory across
the whole range of magnetic field strengths. However,
neither method is quantitatively accurate. Clearly, in
this case, where the hyperfine interactions, exchange cou-
pling, and triplet recombination rate are all of a similar
magnitude, semiclassical models are not accurate enough
to capture the fine details of the spin dynamics.
Finally, as an alternative to the method presented
here, we have considered the possibility of stochastically
sampling M1 and M2 in order to evaluate the sums in
Eq. (14). We found that the convergence was much
slower than when sampling coherent spin states. The
reason for this lies in the fact that the Hamiltonian in
Eq. (1) commutes with the total spin projection opera-
tor, Jˆz = Sˆ1z + Sˆ2z +
∑
i,k Iˆikz. This divides the Hilbert
space into sectors of different MJ , which all contribute
independently to ΦS. Since the state |S,M1,M2〉 is an
eigenstate of Jˆz, each choice of M1 and M2 samples only
a single sector of the total Hilbert space. By contrast,
each coherent spin state includes some contribution from
every MJ sector in the space. If anisotropic hyperfine
coupling or dipolar coupling were introduced, the Hamil-
tonian would no longer commute with Jˆz, and so we ex-
pect that the convergence of results obtained by stochas-
tically sampling the eigenstates of Jˆz would be faster.
Nonetheless, we would still expect the results from sam-
pling coherent spin states to converge at least as quickly.
VI. CONCLUSIONS AND FUTURE WORK
In this paper, we have demonstrated that it is pos-
sible to accurately simulate the spin dynamics of radi-
cal pairs containing all physically relevant couplings be-
tween the electron spins and at least 20 nuclear spins.
This is the typical size of radical pair that arises in
many interesting problems in chemistry and biology. We
have also shown that semiclassical methods are not al-
ways quantitatively accurate for this size of system, al-
though they are expected to become more accurate for
larger spin systems.10–13 In future work, we shall use the
present method to analyse the results of the intriguing
experiments of Wasielewski and co-workers7–9 on spin-
dependent charge recombination along molecular wires,29
and also show how electron spin relaxation can be incor-
porated in the present theory by including the molecular
motions that induce it.30
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